Abstract. Let F be a finite field of odd cardinality, and let G = GL 2 (F). The group G × G × G acts on F 2 ⊗ F 2 ⊗ F 2 via symplectic similitudes, and has a natural Weil representation. Answering a question raised by V. Drinfeld, we decompose that representation into irreducibles. We also decompose the analogous representation of GL 2 (A), where A is a cubic algebra over F.
Introduction
Let F be a finite field of odd cardinality q, and let W, , be a symplectic vector space over F of dimension 2n. The Heisenberg group H(W), attached to W and F, is a set W ⊕ F with the group law: (w, t)(w ′ , t ′ ) = (w + w ′ , t + t ′ + w,w ′ 2 ). Let Sp(W) be the isometry group of (W, , ). Define a semi-direct product group H(W) ⋊ Sp(W) by [(w, t) 
. Fix a non-trivial character ψ of F. According to the Stone-Von Neumann theorem, there is only one equivalence class of irreducible complex representation ω ψ of H(W) with central character ψ. By Weil's celebrated paper [14] , in fact ω ψ is a representation of H(W) ⋊ Sp(W) in the finite field case. The restriction of ω ψ to Sp(W), now is well-known as the Weil representation; in [6] , Gérardin investigated fully this representation. Following Shinoda [12] , we extend it to the symplectic similitude group GSp(W) by setting ρ = Ind The initial question raised by V.Drinfeld, in the finite field case, is understood roughly in the following way. Let F 2 , , be a symplectic space over F of dimension 2. Consider now W = F 2 ⊗ F 2 ⊗ F 2 , a symplectic vector space over F of dimension 8 endowed with the symplectic form , F 2 ⊗ , F 2 ⊗ , F 2 . So there is a map from GL 2 (F) × GL 2 (F) × GL 2 (F) to GSp(W). In this way we can define a Weil representation π for GL 2 (F) × GL 2 (F) × GL 2 (F) via the restriction of ρ, where ρ is the Weil representation of GSp(W). The question is asked about the set of the quotients of π. Does it contain the representations of the form σ ⊗ σ ⊗ σ for any irreducible representation σ of GL 2 (F)? In this paper, we answer this question and also consider its variant version. To be precise, suppose now that E/F (resp. K/F) is a field extension of degree 2 (resp. 3). Take A to be ań etale algebra over F of degree 3, so A is isomorphic to one of the algebras F × F × F, F × E, K. We shall construct a homomorphism from GL 2 (A) to GSp 8 (F). If A = F × F × F, then GL 2 (A) ≃ GL 2 (F) × GL 2 (F) × GL 2 (F). This goes back to Drinfeld's question. If A = F × E, then GL 2 (A) ≃ GL 2 (F) × GL 2 (E). By Weil's Galois descent, we construct a quadratic vector space M = { x α α y |x, y ∈ F, α ∈ E} over F of dimension 4, with the quadratic form Q defined by the determinant of the matrix. Clearly there is a map from GL 2 (E) to GO(Q), which is defined by h · m = hmh t , where h ∈ GL 2 (E), m ∈ M and h t is the conjugate transpose of h. So F 2 ⊗ M is a symplectic vector space over F of dimension 8, and there is a map from GL 2 (F) × GL 2 (E) to GSp 8 (F). If A = K, in this situation, we also need to use Weil's Galois descent to construct a map from GL 2 (K) to GSp 8 (F). The map from GL 2 (A) to GSp 8 (F) leads us to define a representation π A of GL 2 (A) via the restriction of ρ. The main purpose of this paper is to obtain the complete decomposition of π A in each case. ) is a representation of G and ψ a character of F × , we write the ψ · σ for the representation ψ · σ(g) = ψ(det g)σ(g). Let Irr(G) denote the class of all irreducible complex representations of the group G. Let L be a field extension of F. By Shintani's work [13] , one knows that there exists the base-change map Bc L/F : Irr(GL 2 (F)) −→ Irr(GL 2 (L)), which is determined by character equalities. Our main results may be formulated as follows:
(ψ· St GL 2 (F) ⊗ψ· 1 GL 2 (F) ⊗ψ· 1 GL 2 (F) ) ⊕ (ψ· 1 GL 2 (F) ⊗ψ· St GL 2 (F) ⊗ψ· 1 GL 2 (F) ) ⊕ (ψ· 1 GL 2 (F) ⊗ψ· 1 GL 2 (F) ⊗ψ· St GL 2 (F) ) .
Theorem (2) . If A = F × E, GL 2 (A) ≃ GL 2 (F) × GL 2 (E), then
ψSt GL 2 (F) ⊗Ψ·1 GL 2 (E) .
Theorem (3). If A = K, GL 2 (A) ≃ GL 2 (K), then
Let us briefly review the whole story. Theorems (1) is obtained mainly by using the method in [1] to decompose reducible representations. In [1] , Andrade considered higher rank groups. We first formulate the representation π A of GL 2 (F) × GL 2 (F) × GL 2 (F) concerned in this case. This can be done by following works of Gérardin and of Shinoda on the Weil representations(cf. [6] , [12] ). Then we take two irreducible representations π 1 , π 2 of GL 2 (F), and determine the dimension of Hom 1×GL 2 (F)×GL 2 (F) π A , π 1 ⊗ π 2 . One key ingredient is that π A is in fact a representation of the group GL 2 (F) × GL 2 (F) × GL 2 (F) ⋊ S 3 , where S 3 is the permutation group of 3 variables. So if we put R π A = {π 1 ⊗ π 2 ⊗ π 3 | Hom GL 2 (F)×GL 2 (F)×GL 2 (F) π A , π 1 ⊗ π 2 ⊗ π 3 0}, by Clifford theory, R π A is S 3 -invariant. This together with the above calculations of dimension derives Theorem (1). For Theorem (2) , following the method in [1] , we first write down the Weil representation π A of GL 2 (F) × GL 2 (E) in this case, and then decompose the canonical representation GL 2 (F), Hom GL 2 (E) π A , Π into irreducibles for each Π ∈ Irr(GL 2 (E)). We did this by checking the irreducible representations of GL 2 (E) one by one. The main difficulty is when Π is cuspidal. For that case, we use the explicit models given by [1] . Theétale algebra A = K is a new case. We use Weil's Galois descent to construct a map i from GL 2 (K) to GSp 8 (F) . Through this map, we shall define a new Weil representation π A for the group GL 2 (K). However the explicit realisation of this representation is somehow complex, this causes the difficulty to study its irreducible components. One point is that the map i sends the standard Borel subgroup of GL 2 (K) to that of GSp 8 (F). By virtue of Frobenius reciprocity, we obtain the results for the principal series representations. For the cuspidal representations, we use a technique so-called "base change" to reduce to deal with some principal series representations. We should mention that this technique has been used in Gan's paper [5] to obtain Howe correspondences for exceptional groups. Another approach to the results of this paper maybe use character theory in representations and it sometimes involves to solve certain equations. In practice, giving such equations in some sense is also complex.
The structure of this paper is as follows. The first section is devoted to giving some notations and recalling some known results. In the second section, we consider theétale algebra A = F × F × F. In the third section, we deal with the case A = F × E. In the fourth section, we consider the case A = K; there we put some calculations in two appendices.
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1. Notation and Preliminaries 1.1. The following notations will be standard through the whole paragraph, and used repeatedly without recalling their meanings:
• F = a finite field with odd cardinality q;
• E = a fixed field extension of F of degree 2;
• K = a fixed field extension of F of degree 3;
• φ = a fixed non-trivial character of the additive group F;
• X A = the set of all non-trivial irreducible complex representations of an abelian group A; • Rep(G) = the category of complex representations of a finite group G; • Irr(G) = the class of all irreducible complex representations of a finite group G, up to isomorphism; •σ = the contragredient representation of σ, for σ ∈ Rep(G);
• If (σ, V) is a representation of G, then we will denote its G-invariant set by V G .
1.2.
For later use, we regroup some results of the Weil representation of GSp 2n (F) (cf. [6] , [10] , [12] ). Let V be a 2n-dimensional F-vector space, endowed with a non-degenerate symplectic form . To each nontrivial character ψ of the additive group F, one can associate the Weil representation (ω ψ , W ψ ) of the metaplectic group Mp 2n (F) (cf. [10, Chapter 2] ). The exact sequence Sp 2n (F) ω ψ . It is observed that ρ ψ is independent of ψ (see [12, p. 270, Theorem] ). Hence we could omit ψ, and only write ρ briefly.
The study of the Weil representation often involves an explicit realized model. We recall one so-called " the Schrödinger model": Let V = V + ⊕ V − be a complete polarization. Let {v 1 , . . . , v n } be a F-basis of V + , and {v ′ 1 , . . . , v ′ n } its dual basis with respect to , . Every element g ∈ GSp(V) can be written in the following form: 
where
1 In [12] , the ω is defined as ω( 
2 ) −n . 
Recall that 1 G is the trivial representation of G, and St G is the Steinberg representation of G. Let θ be a regular character of E × ; the irreducible cuspidal representation of G corresponding to θ will be denoted by π θ . If (σ, V) is a representation of G and ψ a character of F × , we define the representation ( 
Now we investigate the representations of the group B. Let σ χ 1 ,χ 2 be the character of B, defined by
Let σ be the unique irreducible representation of M of the highest dimension and ψ a character of F × . Attached to σ and ψ, there is an irreducible representation ψ ⊗ σ of B, defined by (1) σ χ 1 ,χ 2 for any pair (χ 1 , χ 2 ) of characters of F × ; (2) ψ⊗σ for any character ψ of Z.
For convenience use, we describe the decomposition of the restriction to B of any irreducible representation of G.
Proposition 1.4.
(1) Res
1.4. Let L be the Galois field extension of F of degree n. One knows that there exists the base-change map Bc L/F : Irr(GL 2 (F)) −→ Irr(GL 2 (L)) (cf. [13] ). Now we describe the explicit behaviour of this map in terms of the classification of the irreducible representations of the group GL 2 in the cases n = 2, 3. [3] ). In the article [7] , Gyoja studied systematically Shintani lifting for connected linear algebraic groups. We will recall his certain results below. In addition, we also present one main result in [8] about the behaviour of the Weil representations with respect to Shintani lift.
Let F be a fixed algebraic closure of F with Frobenius map σ. Let G be a connected linear algebraic group over F. Denote by F i the σ i -fixed points of F. Let Y be a set on which there exists a σ-action; we denote the set of σ-fixed points by Y σ . Denote by G(F i ) the F i -geometric points of G and C(G(F i )) the set of complex valued class functions of G(F i ). Fix a positive integer m. Via the map Gal(F/F) ։ Gal(F m /F), we view the Frobenius element σ as one generator for the group Gal(
In the article [7] , following Kawanaka [9] , Gyoja defined the norm maps N i as follows: 
(ii) The i-restrictions define an isomorphism: 
Now let V, , be a symplectic space over F and let G = GSp V be the algebraic group of symplectic similitudes of (V, , ). For 0
2. The decomposition of the Weil representation of GL 2 (F)×GL 2 (F)×GL 2 (F) 2.1. We give some notations and formulate the mainly studied representation in this section.
In this section, we use the following notations:
Let V be a vector space over F of dimension 2, endowed with a non-degenerate symplectic form , . Let {e 1 , e 2 } be a symplectic basis of V i.e. e 1 , e 2 = 1, e 2 , e 1 = −1. We attach the vector space V ⊗3 = V ⊗ F V ⊗ F V with the natural symplectic form , ⊗ , ⊗ , , so there exists a homomorphism p from GSp(V) × GSp(V) × GSp(V) ⋊ S 3 to GSp(V ⊗3 ). The above group S 3 acts on V ⊗ V ⊗ V by permutations. By the fixed basis {e 1 , e 2 } of V and
, we could identify the group G with GL(V), and the group GSp 8 (F) with GSp(V ⊗3 ). Let ρ be the Weil representation of GSp(V ⊗3 ). Through the above morphism p, we get a representation π ′ of 
is given by the following formulas: 
2.2. To decompose the representation π, it involves to describe the 1 × G × G-invariant part of the vector space W.
We consider the set
For each pair (π 1 , π 2 ) ∈ S, it determines a representation (π 1 ⊗ π 2 , V 1 ⊗ V 2 ) of the group H. We write Irr 0 (H) for the set of the isomorphism classes of all irreducible representations (π 1 ⊗ π 2 , V 1 ⊗ V 2 ) of H for which (π 1 , π 2 ) ∈ S. Now we concentrate on the decomposition of the representation (π, G × G × G, W). Following the method in [1] , we first associate a representation (π
is given by the formulas (2.1)-(2.4) in Proposition 2.1 .
Proposition 2.2. For the representation
Proof. Since the representation (π, W) of G × G × G is semi-simple and arises from the restriction of ρ, we have
Here Wπ 1 ⊗π 2 is the greatestπ 1 ⊗π 2 -isotypic quotient of W (cf. [10, p. 46, III.4]). Note that
Recall the Cartan involution: 2.3. We continue the above discussion, and determine the dimension of the vector space
Let us determine the H-orbits in M 2 (F) × X F . They are of the following three kinds:
By straightforward calculation, the corresponding stabilizer of the given representative element in each orbit has the following form:
To obtain the dimension of the vector space W[π 1 , π 2 ], we state the lemma:
Proof. 1) By the formula (2.10), the vector space
. The vector space V N is generated by the following two functions f χ 1 ,χ 2 and g χ 1 ,χ 2 , where 1. the support of f χ 1 ,χ 2 belongs to B, and
The action of
given by the formulas:
, and (a) follows. On the other hand
So (b) and (c) hold and dim
, and we get the result.
Corollary 2.4. For any irreducible representation
) has the following form:
And the above lists are all the representations
, so the corollary results immediately from above Lemma 2.3.
2.4.
We have already calculated the dimension of the vector space W[π 1 , π 2 ], and it suffices to prove the main theorem in this section.
′ , by Clifford theory, the representation π is the direct sum of the following three kinds of representations:
(
Comparing with the results in Corollary 2.4 gives the theorem.
3. The decomposition of the Weil representation of GL 2 (F) × GL 2 (E) 3.1. We first give some notations and formulate the representation concerned in this section.
In this section, we use the following notations: Let V be a vector space over F of dimension 2, endowed with a symplectic form , . Let {e 1 , e 2 } be a symplectic basis of V. Consider the E-vector space V E = E ⊗ F V, endowed with the symplectic form , V E induced from V.
On W, we consider the twisted Galois action defined by
We will let W 0 denote the set {w ∈ W| σ w = w}. It can be checked that the restriction of , W to W 0 defines an F-symmetric form, denoted by (, ) W 0 . Let q be its associative quadratic form given by
. By calculation, each w 0 ∈ W 0 may be expressed in the form
Every element w 0 corresponds to a matrix x α α y . So we can identify
The symmetric form q is transferred as q(m) = det(m) for m ∈ M.
Let GO(W) denote the group of symmetric similitudes of (W, , W ). By the definition of W, there exists a morphism of groups:
.
. By the fixed basis {e 1 , e 2 }, we obtain a morphism 
Now we consider the symplectic vector space V ⊗ M over F of dimension 8. By the above discussion, there is a map from G × H to GSp(V ⊗ F M) ≃ GSp 8 (F). Similarly as in Section 2, we consider the restriction of the Weil representation (ρ, GSp 8 
3)
Proof. (3.1), (3.2) and (3.4) follow directly from (1.1)-(1.4) in Section 1. For (3.5):
is a symplectic basis of V ⊗ F M. By such basis, the image of 0 1
. Applying the formulas (1.1), (1.3) in Section 1, we get
Forgetting the basis, we get the formula (3.3). 
is given by the formulas (3.1)-(3.4).
Proposition 3.4. For the representation (π, G × H, W), we have the following decomposition:
Proof. The representation W has the decomposition π = ⊕ (π 1 ,V 1 ) Wπ 1 ⊗V 1 and then
arises from the definition of π and above isomorphisms.
It is observed that
for any ξ ∈ M × X F .
Proposition 3.5. Consider the action of H on M × X F . (1) The distinct orbit of this action can be described as follows:
(ii) Orbit{η}, where η = ( 1 0 0 0 , φ ;
(2) The corresponding stabilizer of the canonical element in each orbit is presented as following:
Proof. We transfer the H-action · to another H-action ⊙, where ⊙ is defined by h ⊙ (m, ψ) := hmh ⋆ , ψ
, it reduces to consider the action ⊙. 1) Every element m ∈ M corresponds to a hermitian form on a 2-dimension E-vector space V. By the property of hermitian form over finite fields and the surjection of the morphism N E/F : , b) ). By calculation, we
for h ∈ H a,b and ψ ∈ X F . As above, the results follow by determining the orbits.
2) It is straightforward.
Lemma 3.6.
(iii) If we choose an element e −1 ∈ E × , such that e q+1 −1 = −1, then the element
On the other hand, N E/F (−1) + N E/F (−e q −1 ) = 0; this implies the result. iv) It is enough to check that they have the same cardinality, i.e.
which is an element of B ′ if and only if (a − be −1 ) q−1 = u. Since det(g 0 gg 
(2) In the case
(3) In the case π 1 = Π Λ,Σ with Λ Σ ∈ Irr(E × ), we have
For the other kind of
Proof. 1) By Proposition 3.5 (2), we know that the image of the map det :
is generated by the following functions α, β:
2. The support of β is
On the other hand, by
Finally, we see
as shown above, the vector space V N ′ 2 is generated by the functions f Ψ,Ψ , g Ψ,Ψ . We know that t · f Ψ,Ψ = Ψ ⊗ Ψ(t) f Ψ,Ψ , and
is generated by the following two functions α, β in V 1 :
2. The support of β belongs to
On the other hand,
by Lemma 3.6, 
is generated by the functions f Λ,Σ , g Λ,Σ defined in Lemma 2.3.
1 is generated by the function f , where 
And the above lists are all the representations π 1 ∈ Irr 0 (H), such that W[π 1 ] 0.
Proof. As is known that dim
, so the results follow from above Lemma 3.7.
The representation
× . Namely they all satisfy the equality (3.6) and
Proof. Firstly we know that supp(π 0 (h(r))
Hence (I) follows. Similarly, π 0 (h
So we obtain (II), and (III) is clear. 
, which implies our (IV). Now we let x ∈ E × satisfying
thus we obtain (V). The following (VI), (VII) and (IX) are easy to verify. However
in this way we verify (VIII). 
so that π 0 (ω)S S ; this means that π 0 has at most only one isotypic component ψ −1 · 1 G . Therefore the above case (ii) is impossible.
is generated by the functions:
× . They all satisfy the equality (3.6), and
1 by Lemma 2.3. Similarly as in Section 3.3, we obtain:
and
Lemma 3.13. Let M (1) = {n ∈ M|rank n = 1}. Then:
Now, let us consider
It follows that π 0 (ω)R R (XVII) Proposition 3.14.π 0 ≃ ψ · St G . 
Proof. By the formulas (XI)-(XVI), we obtain Res
(ii)
By the above (i) and (ii), we obtain that π 0 (h(r))∆ = λ(r)σ(r 
where ψ ∈ X F , t, r ∈ F × , s ∈ F. 
, and e −1 is a fixed element in E × such that N E/F (e −1 ) = −1.
Lemma 3.15. The above constructed v
, we have supp(g·v 1 ) = supp(v 1 ), and g·v 1 (1, ue
We define an intertwining operator between π Λ −1 and π 0 by
Proof:
Then κ a = s∈F × κ s a , and
By the equations in {αδ − βγ = u 2 ; −β + αe −1 = u 1 e −1 (δ − γe −1 ) and δ − γe −1 = z for u 1 , u 2 ∈ U, z ∈ E × }, we change the variables α, β, γ, δ by u 1 , u 2 , z, γ. Note that this is reasonable.
By −β + αe −1 = u 1 e −1 δ − γe −1 , we get −βe
and also
. In this way, we obtain
Similarly we obtain
Finally
By the above (1), (2), we prove π 0 ≃ π Λ −1 .
3.7. By the above discussion I-IV about the representation (π 0 , W[π 1 ]), finally we achieve the main theorem in this section:
Theorem 3.16. For the representation (π, G × H, W), we have the following decomposition:
4. The decomposition of the Weil representation of GL 2 (K) 4.1. In this section, we use the following notations:
We recall the technique of Weil's Galois descent to construct a morphism from G to GSp 8 (F).
Let V 0 be a vector space over F of dimension 2, endowed with a symplectic form , V 0 . Let {e 1 , e 2 } be a symplectic base of V 0 . Namely V = V 0 ⊗ F K is a symplectic K-vector space, endowed with the symplectic form , V induced from V 0 by scalar extension. Let us define a Gal(K/F)-action on V by
On W, we will consider the twisted Galois action defined by
We will let W 0 denote the set {w ∈ W| σ w = w}. By calculation, each w 0 ∈ W 0 may be expressed in the form
Every element w 0 of this form is well-defined by its corresponding coefficients. For simplicity, we write w 0 = x α β y instead of the whole term. One can check that the restriction of , W to W 0 defines an F-symplectic form, denoted by , W 0 . More precisely,
Let GSp(W) denote the group of symplectic similitudes of (W, , W ). By definition, there actually exists a morphism of groups
Here the group S 3 acts on W by permutating its three variables. Now we define a twisted Galois action of
So it induces a morphism from GL(V) ≃ GL(V) to GSp(W 0 ). By the fixed basis {e 1 , e 2 }, we obtain a morphism:
We interpret the above construction of the morphism G i
−→ GSp(W 0 ) in terms of the language of algebraic groups.
Let V be the K-algebraic vector space associated to V. That is to say:
a functor from the category of unital commutative associative K-algebras to the category of K-vector spaces. Namely V ⊗ K R inherits the R-symplectic structure from V. We define a Gal(K/F)-action on V in the following way:
Now let W be the K-algebraic vector space associated to W, and W 0 the F-algebraic vector space associated to W 0 . We define a twisted Gal(K/F)-action on W in the following way:
So W 0 is the Gal(K/F)-invariant algebraic scheme of W in the following sense:
On the other hand, we also define a twisted Galois action of Gal(K/F) on
There exists an action of H Gal(K/F) on W 0 , and it preserves the symplectic form up to the similitude factors. Thus we obtain a morphism of algebraic group schemes: 
Let (ρ, V) be the Weil representation of the symplectic similitude group GSp(W 0 ). Via the map i, it gives rise to a representation (π, V) of G which can be realized in the vector space
Proposition 4.2. For the representation
, the action is determined by the following formulas:
Proof. See Appendix 1.
4.5. The whole goal of this section is to determine the different isotypic components of π. We first consider the principal series representations. Let α, β ∈ Irr(K × ). To determine the principal series components of π, it involves to calculate the dimension of the vector space Hom G (V, Ind G B (α ⊗ β)). Applying Frobenius reciprocity, we see
Therefore we shall first describe the vector space V N , and then consider the T -action on it. Once we regard the action of N on the vector space V, as described in Proposition 4.2 (1), we should consider the following action:
The orbits of this action are following:
(i) Orbit{ξ (β,0;ψ) }, where ξ (β,0;ψ) = 0 0 β 0 , ψ for any β ∈ K, ψ ∈ X F ;
(ii) Orbit{η (0,y;ψ) }, where η (0,y;ψ) = 0 0 0 y , ψ for any y ∈ F × , ψ ∈ X F .
The stabilizer of the chosen element in each orbit is described as follows:
Stab N (ξ (β,0;ψ) ) = N and Stab N (η (0,y;ψ) ) = 1 N .
A function F belongs to V N if and only if it satisfies the equality:
for any b ∈ K. 
Proof. 1) Every element F in V N , that satisfies the equation (4.1), is completely determined by its values at the points in {ξ (β,0;ψ) , η (0,y;ψ) }. Let δ be one point among them. Then F(δ) can be nonzero if and only if the coefficient on the left-hand side of the equation (4.1) is trivial over the stabilizer of δ, After checking each such point, we obtain the result.
Let Φ be an element in Hom T (V N , α ⊗ β). Then it is determined by the following two equations:
Now let us define a T -action on the vector space V N :
For such action, there are two kinds of orbits:
(i) Orbit{F (0,0;φ) } and (ii) Orbit{G (0,1;φ) }, for the fixed φ ∈ X F .
The stabilizer of the representative element in each orbit has the following form:
Now we present one statement about the principal series components of the representation π:
Proof. By Frobenius reciprocity, we see Hom G (V, Ind 
which is generated by two functions F (0,0;ψ) , G (0,y;ψ) ; the action of T on (V α ) N is given by the following formulas:
Proposition 4.5. The vector space (V α )
B is generated by two non-zero functions A = t∈T α · π(t)F (0,0;φ) and B = t∈T α·π(t)G (0,1;φ) for the fixed φ ∈ X F .
Proof. It is straightforward.
Our final task for this subsection is to consider the action of ω on the vector space (
T . Consider the T -action on the set Y 0 × X F : ( We treat the vector space
Orbit {x 00 }, x 00 x 01 x 10 y k A (q − 1)(q 2 + q + 1) 
2) It follows from the above (1) and Proposition 4.4. Proof. By Proposition 4.8, the dimension of the non-cuspidal part of π equals
the dimension of π is (q − 1)q 4 , and (q − 1)
4.7. We continue the above discussion and determine the cuspidal part of π. Now let K 1 (resp. F 1 ) be a quadratic field extension of K (resp. F). Assume K 1 ⊃ F 1 . Let ρ(resp. ρ 1 ) denote the Weil representation of GSp W 0 (F)(resp. GSp W 0 (F 1 )). Denote by π = ρ| GL 2 (K) and π 1 = ρ 1 | GL 2 (K 1 ) . By Proposition 1.8 in Section 1.5, there exists a unique representation ρ 1 of the group GSp W 0 (F 1 ) ⋊ Gal(F 1 /F) such that 0 − res( ρ 1 ) = ρ 1 , and 1−res( ρ 1 ) = ρ. By the result in Section 4.2, there exists a morphism from Res K/F (GL 2 ) to GSp W 0 , which induces a map p 1 : 
It follows that for such Λ, π, Π Λ GL 2 (K) ≥ 1. By Corollary 4.9, we see π, Π Λ GL 2 (K) = 1 and it will also turn out that there are no other kind of cuspidal sub-representations of π. Finally we achieve the main theorem in this section: 
where Irr(GL 2 (F)) is the set of the classes of the irreducible representations of GL 2 (F), and Bc K/F is the base change from Irr(GL 2 (F)) to Irr(GL 2 (K)).
Proof. It follows from Proposition 4.8 for non-cuspidal representations and the above discussion for cuspidal representations.
4.9. Appendix 1. In the following, we explain how to get the formulas in Proposition 4.2.
(1):
: = q −2 (q 2 + q + 1)(−q 2 − q − 1)(−q 2 − q) = q −1 (q + 1)(q 2 + q + 1) 2 .
